The influence of static quadrupole and hexadecapole (positive & negative) deformation of targets are studied using eleven different versions of nuclear potentials. 
Introduction
The study of fusion-fission reactions around the Coulomb barrier energies have been a topic of intense research during the past few decades [1, 2] . Fusion-fission reactions at near barrier energies are dramatically influenced by the internal structure and entrance channel parameters of the interacting nuclei. Entrance channel properties such as mass asymmetry and deformation of the colliding partners are governed to affect the probability of a compound nucleus (CN) system or a dinuclear system significantly.
The fusion-fission dynamics also depend on the value of α and α BG , where α is the entrance channel mass asymmetry and α BG [3] is the Businaro-Gallone (BG) critical mass asymmetry point. The fusion path followed by the CN system is α > α BG , i.e. the mass flow takes place from the projectile to the target then the composite system leads to the formation of CN which may decay via fission or particle evaporation. On the otherhand for a dinuclear system α < α BG , i.e. the mass flow takes place in a reverse direction, that is, from target to projectile, and which will deacy before equilibrating in all degrees of freedom, leading to quasifission. Several authors have studied the effect of entrance channel mass asymmetry and have proposed different mechanisms of entrance dynamics for different systems [4, 5] . It has been shown both experimentally and theoretically that the subbarrier fusion of spherical and well-deformed nuclei in the ground state is strongly enhanced by deformation [6] [7] [8] . The deformation of one or both of the partners in a heavy-ion reaction is expected to differ drastically on the fusion cross-section at near barrier energies. The possible role of positive and negative hexadecapole deformation (β 4 ) effects in subbarrier fusion reactions have been investigated in the literature. The knowledge of nucleus-nucleus interaction potentials acts as an essential ingredient in the analysis of fusion-fission dynamics. In a series of recent papers [9] [10] [11] [12] authors have used a number of potentials in predicting the fusion barrier height and position of a large number of reactions. They came to conclusion that for asymmetric colliding nuclei, the potentials could reproduce the experimental data, on average, within 10% [10] and for symmetric colliding nuclei to within 8% [11] , all the interacting nuclei considered here are assummed to be spherical in nature , however, the deformation as well as the orientation of the nuclei also affects the fusion barriers [13, 14] . Besides the proximity potential, there are other potentials like single folding, double folding, and Skyreme energy density [15] [16] [17] [18] which are also successfully able to explain the phenomena. In this paper we report solely on the proximity potential.
The fusion cross-sections induced by doubly magic spherical nucleus ( 16 O) are investigated on a variety of typically deformed heavy nuclei ( 176 Yb , 166 Er and 154 Sm) within the theoretical approach. This approach helps to quantify the role of static deformed potentials at subbarrier energies. It is important to investigate how well the experimental fusion barriers are reproduced using different phenomenological parameterizations for the nucleusnucleus potential. The interaction barrier heights and fusion barrier radii for the three reactions 16 O + 176 Yb , 16 O + 166 Er and 16 O + 154 Sm respectively are determined using eleven different versions of global nuclear potentials. The quadrupole and hexadecapole deformation parameters for the targets used in our calculation are 166 Er (β 2 = 0.23), 154 Sm (β 2 = 0.23, β 4 = 0.045) and 176 Yb (β 2 = 0.23, β 4 = -0.045) [6] . The deformation of the targets are found to be affected by the fusion barriers, and consequently, the fusion cross-sections. In addition, the barrier parameters V B , R B and ω are orientation (θ) dependent, i.e. θ is the angle of the symmetric axis of a deformed nucleus with respect to the collision axis, hence it is important to calculate the fusion cross-section by an orientation dependent potential. Accordingly, the total interaction potentials are investigated and calculated from the fusion cross-sections using parabolic approximation. The fusion cross-sections discussed in this paragraph are compared with the experimental data. The results are compared with an equivalent calculation using a multi-dimensional barrier penetration model (BPM) by using the CCFULL [19] code.
Formalism

Proximity potential
Various versions of proximity potentials are based on the proximity force theorem. The nuclear part of the interaction potential can be taken as the product of a factor depending on the mean curvature of the interaction surface and a universal function (depending on the separation distance), which is independent of the masses of colliding nuclei. In the present calculation the following 11 different versions of nulear proximity potentials are used and detail studies is presented in Ref. [10] .
Bass 73, Bass 77, and Bass 80
Based on the assumption of the classical liquid drop model and general geometrical arguments [20, 21] one can obtain the nuclear part of the interaction potential as 
where A is the mass number of the projectile and target.
Φ( ) = 20 0454
Later on, due to better experimental data, the above model is refitted in various forms resulting in different potentials [22, 23] . 
This new version is labeled as Bass 77. The above potential form was slightly modified by Bass to new one as Bass 1980 (Bass 80) where,
Φ( ) = 0 033 exp 3 5
+ 0 007 exp 0 65
Prox 77, Prox 88, Prox 00, and Prox 00DP
According to the original version of proximity potential [24] , the interaction potential between two flat surfaces can be written as
whereC and φ(ξ =
) are reduced radius and universal function respectively and r is the distance between the centres of the projectile and target. The factor γ surface energy coefficient, is responsible for the relative neutron or proton excess of the projectile and target in the following way
where N and Z are respectively the total number of neutrons and protons. γ 0 and are respectively the surface energy constant and the surface asymmetry constant. Their values are given by the Myers-Swiatecki mass formula [23] [24] [25] and γ 0 =0.9517 MeV/fm 2 and =1.7826, respectively. The matter radius is stated as,
Here, b ≈ 1fm, and R is given by the semi-empirical formula in terms of the mass number A
The above potential Prox 77 was further improved to Prox 88 by using a refined mass formula. The value of the coefficients γ 0 and were later modified by Moller and Nix [26] to the new set of values 1.2496 MeV/fm 2 and 2.3 respectively. Recently, Myers and Swiatecki [25] modified the Eq. (10)-(13) by using up-to-date knowledge of nuclear radii and surface tension coefficients determined from their droplet model concept. Using the droplet model, C was calculated as
where denotes the half-density radii of the charge distribution and is the neutron skin of the nucleus. N and A , respectively, are the neutron number and mass number of the nuclei. The nuclear surface energy coefficient γ in terms of neutron skin was given as
where the neutron skin stiffness coefficient Q = 35.4 MeV and 0 = 1.14 fm. The universal function φ(ξ) was reported as 
Denisov DP
By evaluating 7140 ion-ion potentials at 15 distances around the touching point, Denisov [28] gave the following analytical expression for the nuclear potential,
where S = r-R 1 -R 2 -2.65 and R =
where N , Z and A are the number of neutrons, protons and mass number of the nuclei respectively. The effective nuclear radius R is given as,
where the proton radius R is given by
The function φ(S) is given by
CW 76, BW 91 and AW 95
According to the heavy-ion elastic scattering data, based on the semiclassical arguments and the recognition that optical-model analysis of elastic scattering determines the real part of the interaction potential only in the vicinity of a characteristic distance [29] [30] [31] [32] . The nuclear part of the empirical potential is given by
where A is a constant,R =
2 and φ( = − R 1 − R 2 ) are reduced radius and universal function respectively and r is the distance between the centres of the projectile and the target. For Christensen and Winther 1976 (CW 76) A = 50
For Broglia and Winther 1991 (BW 91) A = 16πγ a where, a=0.63 fm and the surface energy coefficient γ is given by
where γ 0 =0.95 MeV/fm 2 and =1.8. The subscripts P and T refer to the projectile and target respectively.
Later on, the parameters a and R of the above potential were further refined by Winther to a modified form Aage Winther 1995 (AW 95). 
Interaction potential
Using Bass 73, Bass 77, Bass 80, Prox 77, Prox 88, Prox 00, Prox 00DP, Denisov DP, CW 76, BW 91 and AW 95 proximity models, the nuclear part of the interaction potential is calculated. Assuming that the size of the projectile is much smaller than the radius of the target, , the Coulomb potential V C (r) can be approximated by the relation,
where Z P , Z T are the atomic numbers of the projectile and target respectively. The total interaction potential is the sum of the centrifugal term, the long range Coulomb repulsive force and short range nuclear attractive force. The total interaction potential between projectile and target can be written as
where r is the distance between the centres of the projectile and target, is the angular momentum quantum number, and µ is the reduced mass of the system. The fusion barrier heights and positions for the different potentials mentioned above can be determined by setting the following conditions on the potential determined by Eq. (31) .
As the deformation as well as orientation of the interacting nuclei affect the fusion barrier, a correction for the Coulomb barrier is required to be applied due to the deformed target. Various analytical expressions are available in the literature for the Coulomb interaction between a spherical projectile and a deformed target. However, the prescription provided by Takigawa et al. [33] is used , according to which
where the first term is the bare Coulomb interaction, the second and third terms are the linear and the secondorder Coulomb couplings respectively. The above terms can be rewritten as,
where β 2 and β 4 are respectively the quadrupole and the hexadecapole deformation parameters. The linear term is retained only upto the quadrupole and hexadecapole terms, whereas the second-order term is retained only upto the quadrupole term. The functional forms of F (0) ( ), F (1) λ ( ) and F (2) λ ( ) are given below for > R T + R P , where R P and R T are respectively the radii of the projectile and target.
The functional form is used only for > R T + R P , since the system falls on this condition. For the other conditions R T + R P > > R T − R P and < R T − R P the functional form details are provided in Ref. [33] .
In the case of the BW 91 model which is associated with a Woods-Saxon form of nuclear proximity potential, corrections of both Coulomb and nuclear deformations using the Ref. [14] were carried out. For the potential without Woods-Saxon form as mentioned before, the parabolic approximation is applied as long as the potential has a good shape.
Fusion cross-sections
The fusion cross-sections are calculated by the BPM model under the parabolic approximation [14, 35] . The partial cross-section at each angle is given by
where k is the wave number, µ is the reduced mass, is the angular momentum quantum number, V B (θ), R B (θ), and ω(θ) are the barrier parameters height, radius, and cur-vature respectively for different orientations. The crosssection at each angle is given by
Finally, the total cross-section is given by integration over the angles
Results and discussion
As a first step, the nuclear part of the total interaction potential was calculated using Er and 16 O + 154 Sm respectively. Since the targets are deformed, the Coulomb as well as nuclear part of the total potential needs to be corrected. As the interaction potential depends upon the orientation of the target, the effective potential is found over all possible orientations from 0-90 degrees because the deformation is axially symmetric. Accounting for deformation and orientation, there is a slight change of the total interaction potential. In Fig. 1, Fig. 2 and Fig. 3 , the total potential V (MeV) as a function of internuclear distance r (fm) are depicted at some typical orientations (say 0, 45, 90 degrees) for the reactions 16 O + 176 Yb , 16 O + 166 Er and 16 O + 154 Sm respectively. The shape of the curve shows that there is a slight raising of the potential due to deformation. The target deformation is to make the potential more repulsive at shorter distances and at distance below the barrier radius (R B ) a potential pocket exists which is expected. The effect is particularly pronounced for the potentials Bass 77, Bass 80, BW 91 and AW 95 where the attraction is substantial at short distances for the deformed case as compared to the spherical case [12] . For distances greater than R B there is only a marginal difference between the spherical and deformed cases. However, for the potentials, Bass 73 and CW 76 there is no significant change even for short distances for the two cases. This is due to the exponential nature of the nuclear potentials due to which the change of the Coulomb potential is overridden by large changes in the nuclear potential. It is worth noting that the curve of interaction potential in Fig. 1 and Fig. 3 are distinct because of the negative and positive hexadecapole deformations of the targets respectively. Due to the positive hexadecapole deformation there is a more pronounced increase of the interaction potential in Fig. 3 compared to Fig. 1 , which is due to negative hexadecapole deformation -which is also expected.
The value of the interaction barriers obtained after applying successive corrections due to the quadrupole term (linear-order), hexadecapole term (linear-order) and the quadrupole term (second-order) at orientations (say 0, 45, 90 degrees) are listed in Table 1, Table 2 and Table 3 for the three reactions, respectively. There is a similar exercise reported in Ref. [9] on the system 16 O + 166 Er where the nuclear part of the ion-ion potential calculated using Prox 77, Prox 88 and Prox 00 potentials by adding the Coulomb potential without correction for the deformed target and they found the values of the interaction barrier to be quite different from our calculated values. Therefore it seems that the calculation presented in this paper is very much consistent with deformed systems. Various analytical expressions are available for the Coulomb interaction, although there are fewer available for the nuclear interaction [14] between a spherical projectile (or, target) and a deformed target (or, projectile). By adopting the procedure of Ref. [14] on BW 91 model, where both Coulomb and nuclear deformations have taken into account for the present systems and examined their influences on the total interaction potential. The total interaction potential V (MeV) as a function of internuclear distance r (fm) for the reactions 16 O + 176 Yb , 16 O + 166 Er and 16 O + 154 Sm respectively are shown in Fig. 4 . From this figure we inferred that not only Coulomb deformation but also nuclear deformation affects the interaction barriers, and hence, in the process of fusion cross-sections.
Once the nuclear parameterizations are carried out the parameters are applied in Wong's formula, assuming a parabolic approximation, to calculate the fusion crosssections for the present systems. The fusion cross-sections are plotted in Fig. 5 and compared with the experimental cross-sections [6, 34] . The fusion cross-sections are also calculated using the multi-dimensional barrier penetration model (BPM) using the code CCFULL [19] . For clarity, the emerging graphs are divided into groups 5(a) and 5(b) for 16 O + 176 Yb; 5(c) and 5(d) for 16 O + 166 Er; and 5(e) and 5(f) for 16 O + 154 Sm, respectively. It is evident that for the system 16 O + 176 Yb, Prox 00DP, Denisov DP, AW 95, Bass 80 and CW 76 give better results at above barrier energies in comparison with available data. More specifically, 16 O + 154 Sm, Prox 88, Prox 00DP appears to provide consistent results at below barrier energies and Prox 77, Prox 00 compete with each other at above barrier energies giving nice agreement with experimental data. For 16 O + 166 Er, Prox 77 and Prox 00 potentials infer the experimental data nicely at below and above the barrier energies. From the comparison of eleven versions of proximity potentials, the fusion-cross section for the Prox 77, Prox 88, Prox 00, Prox 00DP, Denisov DP, Bass 80, CW 76 and AW 95, are found to be better in reproducing the same than the remaining versions of the used proximity potentials.
Conclusion
A systematic study on the effect of the deformation of the target on fusion barriers of the reactions 16 θ dependent potential were estimated ; thereby a variation of the cross-sections was seen. Based on the deformed and energy dependent barrier penetration models, calculations have improved for the majority of nuclear interaction potentials at below as well as at above barrier energies in comparison to experimental results. For instance the fusion cross-sections by Prox 77 and Prox 00 potentials showed good agreement with the experimental data at both subbarrier and above barrier energies. Overall, the fusion cross-sections by Prox 77, Prox 88, Prox 00, Prox 00DP, Denisov DP, Bass 80, CW 76 and AW 95 potentials appear to exhibit stronger angreement with the experimental data, than the rest. Hence, it is concluded that the total interaction potential is extracted by taking into account the Coulomb corrections for the majority of the potentials, except BW 91 where both the Coulomb and nuclear corrections are considered. The deviation of fusion cross-sections from the experimental data may be attributed to the fact that both Coulomb and nuclear corrections are needed for all the proximity potentials. Otherwise, more sophisticated experimental data on the present systems are needed in order to see the deformation effect on fusion cross-section around the barriers. (a) 16 Fernandez Niello et al. [6] and J.R. Leigh et al. [34] .
